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Introduction

In the field of robotics, understanding the dynamics and kinematics of industrial robots is
essential for optimising their performance. This report aims to demonstrate an understanding
of the kinematics and dynamics associated with a 6-DOF (Degrees of Freedom) robotic
manipulator, specifically the KUKA KR30HA robot. The focus is on deriving an appropriate
motion solution industrial robots. The purpose of this assignment is to show an understanding
of manipulator kinematics and dynamics by successfully arriving at an appropriate motion
solution for a commercial Industrial robot.

Problem Description

The primary objective of this assignment is to perform a detailed analysis of the KUKA
KR30HA robot in Figure 1, to achieve accurate motion control from an initial position to
specified target points and back. This involves determining the robot's forward and inverse
kinematics and deriving the equations of motion for dynamic analysis. A KUKA Robot
Language (KRL) program that can execute a defined motion path efficiently is required.

1 In-line wrist/arm 4  Electrical installations
2  Amm 5 Base frame
3 Rotating column & Linkarm

Figure 1: KR30HA robot with component labels

The figure above shows the robots physical structure, identifying its key components. To
determine the coordinate location of the robot, the mastering positions will need to be used
together with label 5, the base frame.



Methodology

This section outlines the steps taken to solve each of the three problems mentioned in the
previous section. Furthermore, the kinematic and dynamic analysis conducted to obtain an
appropriate motion solution for the KUKA KR30HA robot is described with the use of
equations. A set of coordinates, with respect to the Global/World coordinate system, for two
points in space, illustrated in Table 2, were given.

Table 1: Motion point coordinates

Point 1 [mm] Point 2 [mm]
X Y z X Y z
91 -1139 | 1392 91 -1117 | 1447

The coordinates of two points in space and will prove significant in calculating the inverse
kinematics of the system to find the joint angles corresponding to the values in Table 1.

Forward Kinematics

The initial task was to determine the forward kinematics of the system to determine the position
and orientation of the end-effector, given the joint parameters of the robot. To do this, the
following three steps were taken:

1. Find the Denavit-Hartenberg (DH) Parameters of the robot.
a. The DH parameters were extracted from the KUKA KR30HA technical manual,
including the lengths (a;), link offsets (d;), link twists (@;), and joint angles
(6)).
2. Determine the transformation matrices.
a. The transformation matrices were obtained using the DH parameters and the
general equation below.

Cgi —SHL'CCZi SHiSal- aiCHi

SHl- CHiCai —CHiSai aiSHi
0 Sai C(Xi di @
0 0 0 1

Ai=

3. Calculate the composite transformation matrix.
a. The overall transformation matrix was calculated by multiplying the individual
transformation matrices from the base frame to the end-effector frame as shown
in the equation below.
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Inverse Kinematics

The second step was to determine the inverse Kinematics of the system to determine the joint
angles of the robot that achieve the two point locations in Table 2. This was achieved by
following the steps below:

1. Define the target positions for the robot.
a. Identify the coordinates of the home position, point 1 and point 2 in the global
coordinate system. These positions included the X, Y, and Z coordinates and the
orientation (Yaw, Pitch and Roll).

Home Position: (X,, Yy, Zo)
Point 1: (X4,Y1,Z1)

Point 2: (X,,Y,,Z;)

2. Solve inverse kinematics.

a. Analytical methods were used to solve the inverse kinematics equations, which
involved solving equations directly for the first three joints. The process
involved:

i. Applying geometric and algebraic methods to find the angles based on
the provided dimensions and target positions.

il. Determining the joint angles 6;,0,,and 63 that achieve those end
positions.

Equations of Motion

Lastly, the equations of motion for the first two joints and links were obtained, considering
both kinematic and dynamic aspects of the robot.

1. Kinematic Analysis
a. The velocity and acceleration of the first two joints and links were calculated
using the joint parameters (angles) and their derivatives.
2. Dynamic analysis using Euler-Lagrange Formulation.
a. The Lagrangian equation can be seen in Equation 3, where K = total kinetic
energy and P = the total potential energy of the first two joints and links.

L=K-P 3

b. The translational and rotational kinetic energy terms for each link were
calculated using Equations 4 and 5 respectively. The total kinetic energy was
then calculated using Equation 6.

1
_ 2
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2 2
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KroraL = EZ Ki.rransLaTIONL T Ez Ki.rorarionar (©)
where m; - mass of the link
V; — linear velocity
I; = m;r? — moment of inertia
r = distance to point of rotation

c. The gravitational potential energy and the total potential energy of the two was

calculated.
P;.craviTarionar = Migh; ™
2
Prorar = z Pi.craviTaTiONAL )
i=1
where g — gravitational acceleration

h; — height to the centre of mass of link i

d. The Lagrange equation, Equation 9, was used to solve the solution.

d (0L oL
zilog) - (Gg) = ®
where q; — joint angle
T; — torque at the joints
3. Programming
a. Arequirement of this assignment was to write a KUKA Robot Language (KRL)
program that performs the motion from the mastering position to Point 1, then
to Point 2, and back to the mastering position.
b. This involved initialising the robot, declaring positions of the points and writing
several move commands.
This section outlines the structured approach taken to perform the kinematic and dynamic
analysis of the KUKA KR30HA robot. Finding the forward and inverse kinematics, and
equations of motion, assisted in finding an appropriate solution for a commercial robot. The
results of applying the above calculations are explained in the following sections of the report.



Kinematic Calculations

A schematic of the robot under investigation is illustrated in Figure 2, indicating the directions

of joint rotations.

Figure 2: Robot axis rotations

The rotational axes in Figure 2 and the working envelope in Figures 4 and 5 of the KUK A robot

will prove significant in the calculations throughout this section.

2498
850 143

4
ao0s =R a1

815

2033

Figure 3: Working envelope (side view) Figure 4: Working envelope (top view)

The first step in solving the industrial robot solution involved forward kinematics to find the

position of the EE with respect to the robot base frame.

Forward Kinematics
Joint 1 was assumed to be located at the base of the robot and using Figure 2 from the previous
section, the x and y coordinate frames were assigned according to the Denavit-Hartenberg
Convention and illustrated in Figure 6. The following important rules were followed to obtain
the frames:

1. z-axis is in the direction of rotation (right-hand rule).

2. Axis x; 1 toaxis z;_q.

3. Xx; - axis must intersect the z;_, - axis.



4. x-axis in the direction of the common normal, which is the shortest line mutually

perpendicular between any two skew lines.

a3

dl

Figure 5: DH Convention robot frames

This diagram played an essential role in determining the DH parameters in Table 2.

Table 2: DH Convention Parameters

Link no. 9; d; a; a;
0-1 07 d, aq 90°
1-2 6, + 90° 0 a, 0°
2-3 03 0 as 90°
3-4 0; d, 0 -90°
4-5 0: 0 0 90°

5-TCP 0¢ dg 0 0°

Table 3 was used to find the homogeneous transformation matrices for each of the links.

T = Trans(x,a,) - Trans(z,d;) - Rot (x g) - Rot(z,63)
T4 = Trans(x, a,) - Rot(z, 6; + 90°)
TZ = Trans(x, as3) - Rot (x g) - Rot(z, 603)
T2 = Trans(z,d,) - Rot (x, —g) -Rot(z,6;)
4 _ Ty, *
Ts = Rot (x,z) Rot(z, 6%)

Tecp = Trans(z,dg) - Rot(z, 62)

Using Equation 1 to find 4, to A yields the following homogeneous transformations:



[CO, 0 —S6, a,Ch, [ S8, —CO, 0 a,S6, [CO;, 0 —SO; a;CHs
|56 0 €6 aSO| 5a_|CB SO, 0 aCO| g2_|[S63 O CO; asS6,
! 0 -1 0 d, z 0 0 1 0 3 0 -1 0 0

L0 0 0 1 [ 0 0 0 1 L 0 0 0 1

[C6, 0 SO, O [COs 0 —SO5 O [—CO, S8, 0 0
13— |56s 0 —CO, O +_|56s 0 Cos 0 5. — | =56 —C8 0 0
* 0 1 0 d, > 0 -1 0 0 Tce 0 0 1 d,

L0 0 o0 1 L0 0 0 1 0 0 0 1

The distances and angles in Table 4 were found using the given robot’s working envelope in
Figures 4 and 5 and the mastering positions (A0-A6) of the robot in Appendix A.

Table 3: DH Distances

Distance Value
d4 815 mm
aq 350 mm
a, 850 mm
as 145 mm
dy 820 mm
dg 170 mm

By making use of Equation 1 and the mastering positions of the robot, the following HT
matrices were derived.

[1 0 0 350] [1 0 0 850 0 01 0
=|[0 0 -1 0 m=|0 10 0 2=|1 0 0 145
1710 1 0 815 27lo 01 o 571o 1 0 o

[0 0 O 1 | 0 0 0 1 0 00 1

(1 0 0 0] 1 0 0 0 10 0 0
@o|0 0 1 0 [0 0 -1 0 .o —[0 10 0
*710 -1 0 820 57101 0 o TCP—10 0 1 170

0 0 0 1| 0 0 0 1 000 1
Using Equation 2, the overall HT matrix can be found.

1 0 0 1200 0 0 1 1200

o_ mop1 |0 0 -1 0 o o2 _ [0 -1 0 0

T2 =TT 0 1 0 815 T3 =TT 1 0 0 960
0 0 0 1 0 0 0 1 |
[0 —1 0 2020 0 0 1 2020]

o_ —om3 _ |0 0O =1 0 o_ moma [0 =1 0 0O

=TT = 1 0 0 960 Ts =TT = 1 0 0 960
0 0 O 1 0 0 0 1

Finally, the overall transformation matrix for the KR30HA robot is given as:

0 0 1 2190
He=TTe= |7 3 0 o6
0 0 0 1
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Inverse Kinematics

Inverse kinematics involved determining the joint angles, 6,, 6; and 8; given a desired position
and orientation of the third link. This requires solving for the joint variables that achieve a
specific pose.

For the inverse kinematics, the elbow up analogy was used to find the angles. The figure below
illustrates the elbow up configuration of the robot for the first three links.

a3 =820 |

a82=995

Link 2 z —dl

Figure 6: KUKA robot elbow up configuration

An assumption was made for the length of link two, this being 820 mm. due to this, the length
of link two was calculated as 995 mm which was a result of adding a, and az from Table 4.
The robot is required to move from mastering position to Point 1, to Point 2, and then back to
mastering position. Points 1 and 2 can be found in Table 2, whereas the home position for the
end of the third link was determined geometrically using Figure 3 of the robots working
envelope.

Point 1(91, —1139, 1392)
Point 2(91, —1117, 1447)
Home(1310,0, 1810)

These coordinates were used to determine the inverse kinematics for the first three joints. The
inverse kinematics calculations were performed to the end of link 3 and link 4 onwards was
not included. Calculating the joint angles 8, 8,, and 65 required the following formulae that
were applied by substituting in the values from Table 5.

(xc - dz)z + ycz + (Zc - dl)z - a% - a%

D =
2a,a;
a = tan™! ( Ze — )
\/(xc - dz)z + ycz
o = sin! ( as sin 05 )
\/(xc - dz)z + ycz + (Zc - d1)2

12



Table 4. Inverse kinematics parameters

z-offsetdl | 815 Point 1 [mm] Point 2 [mm] Home [mm]
x-offsetd2 | 350 X Y z X Y 4 X Y Y4
Link2 a2 995 91 | -1139 1392 91 | -1117 1447 1170 0 1810
Link3 a3 | 820
1. Calculations for Point 1:
0, = tan~! (&) = —102.81°
xC
D =0.021391
VIi-D?
0; = tan™! <—> = —88.78°
D
0, =a+¢
a = 26.29°
@ = —39.0°

0, =a+ ¢ =26.29°+ (—39.0°) = —12.71° or 65.28°

2. Calculations for Point 2:

®, =tan™?! (&> = —103.01°
xC

D =0.03173

05 = tan <T>

a = 28.86°

@ = —38.75°

— 88.18°

0, =a+ ¢ =28.86°+ (—38.75°) = —9.89° or 67.62°

3. Calculations for Home position:

©®, = tan™! (&) =
xC

0, = 90°

a = 50.51°

© = 39.50°

OO

0, = a+ ¢ =50.51° %+ (39.50°) = —90° or 11.01°

13




The calculations yield the following

Table 5: Joint angles when robot at point 1 and 2

0, 0, 0,
Point 1 —~102.81° 65.28° —88.78°
Point 2 —~103.06° 67.62° —88.18°
Home 0° —90° 90°

Dynamic Analysis

To perform the dynamic analysis and derive the Lagrange equations for the robot, the Euler-
Lagrange Formulation below was used, focusing on the first two joints and links.

L=K-P

The translational and rotational kinetic energy terms for each link were calculated and the total
kinetic energy was found using the equations described in the Methodology section. For a 2-
DOF system (considering the first two joints and links):

q1 =01

g2 = 6,
Kinetic energy
For link 1 there is rotation about the z-axis yielding a velocity of the centre of mass:

l
[ El sin(@l)] |

ve=11 0
! —1cos(91) !
2
0
T l Ly 14
vy = |——=sin(0;) —=cos(6,) 0|61

2 2
Link 2 experiences planar motion, hence the velocity of the centre of mass is derived as:

l -
—1, sin(6,) — ?Zsin(el +6,)

v, = [, -
l; cos(6,) — Ecos(el +6,) |16-

0

T _ : l . Iy 61
V3 = |—l;sin(0,) — Esm(ﬂl +6,) [ cos(6,)— icos(el +6,) 0 6,

Therefore,

Kl = Kl:ROTATIONL + Kl:TRANSLATIONL

1
= Ellwf + Emlvl2

. 1

14



2

+ (% cos(91)>zl

1 . 1 L
= 51101 +§m1 (—Esm(el))

1 .1 (2.
2511612 +§m1<2912>

1 m112

KZ = KZ:ROTATIONL + KZ:TRANSLATIONL

1,1 2
= Elzwz +§m2v2

1 . . 1
= 512(91 + 92)2 + =

5 m,v5v,

1 . .
= 512(91 + 62)2
2

2
+% [( L, sin(6,) — l—sm(el + 92)> (l1 cos(6,) + l— cos(6; + 92))

2

l 2 (! Y
+ (—52 sin(6; + 92)) 07 + (52 cos(6; + 9z)> 95]

2
KTOTAL = 52 i:ROTATIONL += 2 E Kl ‘TRANSLATIONL
=1

1 m,y 12
KroraL = (511 + 4 )91 +=1,(6; + 6,)*
L1 L 2
2 [( l;sin(6,) — —SlTl(Bl + 92)>
2 L 2
+ <l1 COS(gl) + —_— COS(Gl + 02)) (—E Sin(Bl + 92)) 9%
L, 2
+ ( cos(6; + 92))

Potential Energy

Py = Pi.GraviTaTIONAL

Ly
=myg > cos 6,

PZ = PZ:GRAVITATIONAL

l
=m,g [ll cos6; + Ezcos(e1 + 92)]

PTOTAL = E Pi:GRAVITATIONAL
i=1

l l
ProraL = mlg?lcos 0, + myg [ll cos6; + %cos(@1 + 02)]

15



[ l
Prorar = Mig %cos 0, + mygl; cos6; + ngizcos(el +6,)

The Lagrangian is given by
L=K-P

myl?

4

1 A
L = KroraL = 511"' 01 +512(91+92)

2 2
1 l . l .
+ M2 [(—llsin(el) - Ezsin(e1 + 92)> 03 + (l1 cos(6,) +Ez cos(6; + 62)> 63

l z l z. l
+ (—52 sin(8, + 92)> 05 + (52 cos(8, + 92)) 9%] — mlg?lcos 6, — mygl, cos 6,

l
- ng%cos(el +6,)

Using the Lagrange equation:

d(aL) <6L>_
dt\ag,)  \aq) = "

d (0L <6L>_
dt\gg,)  \as,) ~ "

For q1 = 91:

FOI’ q2 = 92:
d [ dL (aL ) _
dat\ag,)  \ae,) =

KUKA Robot Language Program

As part of the analysis of the KUKA KR30HA, it was essential to develop a KUKA Robot
Language (KRL) program to execute the series of movements. The objective was to ensure the
robot could move safely and accurately from a home position, stop at two points, and then
return to the home position. The code can be found in Appendix B.

To prioritise the safety and security of the robot's movements, the program includes a delay
after each motion command. This ensures that the robot is securely in position before executing
to the next movement.

The program was designed with an initialisation step inside the loop to set the tool and base
data properly. This was executed each time the path was performed, ensuring consistent and
accurate robot behaviour.

16



Conclusion

In conclusion, this report provided a detailed analysis of the kinematic and dynamic aspects of
the KUKA KR30HA robot, demonstrating an understanding of robotic motion and control. The
steps taken included determining the forward kinematics, inverse kinematics, and dynamic
analysis using the Euler-Lagrange formulation.

The forward kinematics analysis enabled the determination of the end-effector's position and
orientation based on joint parameters, using the Denavit-Hartenberg convention. The inverse
kinematics analysis identified the joint angles required for the third link to reach specified target
points. The dynamic analysis involved calculating the kinetic and potential energy of the robot's
links 1 and 2, leading to the equations of motion.

Additionally, the development of a KUKA Robot Language program was written to
demonstrate the practical application of the concepts discussed in this report. The program
executed a defined motion path, while focusing on safety and accuracy.

The methodologies and findings presented in this report highlight the critical role of kinematic
and dynamic analysis in enhancing the performance and reliability of industrial robots. This
report serves as a guide for understanding and implementing robotic motion solutions for
optimal robotic operation.

17



References

Utexas.edu. (2022). KUKA Programming KRL Examples - School of Architecture Digital
Technologies Wiki - UT Austin Wikis. [online] Available at:
https://wikis.utexas.edu/display/SOAdigitech/ KUK A+Programming+KRI +Examples
[Accessed 21 May 2024].

Robot Programming 1 KUKA System Software 8 Training Documentation. (n.d.). Available
at:

https://yazelin.github.io/ntcri/data/phase1/KUKA Basic/doc/en/KUKA%20Robot%20Progra
mming%?201.pdf. [Accessed 21 May 2024].

18


https://wikis.utexas.edu/display/SOAdigitech/KUKA+Programming+KRL+Examples
https://yazelin.github.io/ntcri/data/phase1/KUKA_Basic/doc/en/KUKA%20Robot%20Programming%201.pdf
https://yazelin.github.io/ntcri/data/phase1/KUKA_Basic/doc/en/KUKA%20Robot%20Programming%201.pdf

Appendix

Appendix A: Technical Specifications of KR30HA Robot

Basic data

Axis data

KR 30 HA
Mumber of axes B
Mumber of controlled axes 6
Volume of working envelope 2724 m?
Pose repeatability (150 9283) *+ (0.05 mm
Weight approx. 665 kg
Rated payload 30 kg
Maximum reach 2033 mm
Protection rating PG4
Protection rating, in-line wrist PGS
Sound level = 75dB (A)
Mounting position Floor

Footprint

660 mm x 660 mm

Hole pattern: mounting surface for
kinematic system

Permissible angle of inclination

Default color

Base frame: black (RAL 9005);
Moving parts: orange (RAL 2003)

Controller

KE C4

Transformation name

KR C4: KR30HA_3 C4 FLR ZHO02

Motion range

Al +185°

A2 -135°/35°
A3 -120° /158 °
Ad +350 °

AS +119°

Ag +350 °
Speed with rated payload

A 140 */s

A2 126 °/s

A3 140 °/s

Ad 260 °/s

AS 245 "/s

A 322 /s
Mastering position

Al 0°

A2 90°

A3 a0~

A4 0°

A5 0°

AB 0°

19



Appendix B: KUKA Robot Language Program

DEF TwoPointMotionPath()

; Initialization code to set tool and base data
BAS (#INITMOV, ©)

; Define origin of tool
$TOOL = {X 0, YO, Z 0O, AO, BO, C 0}

; Define origin of base
$BASE = {X 0, YO, Z 0, AO, BO, C 0}

; Define points

DECL Pointl = {X 91, Y - 1139, Z 1392, A @, B 0, C @}
DECL Point2 = {X 91, Y - 1117, Z 1447, A @, B @, C 0}
DECL MasteringPos = {X @, Y@, Z 9, A @, Bo, C 0}

; Call commands followed by a delay to ensure the robot is safely in position

; Move to mastering position
PTP Mastering
WAIT SEC 2

; Move to Point 1
PTP Pointil
WAIT SEC 2

; Move to Point 2
PTP Point2
WAIT SEC 2

; Return to mastering position
PTP MasteringPos
WAIT SEC 2

END
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derived dynamic Kinematic Excel.

characteristics solution in Exceptional use

for a proposed Excel. of the software
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path. (Ch23 & of Excel solution.
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programme to Understanding industrial robot
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motion path. functions understanding of
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programming
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